Integration by u-Substitution

aka Reversing Chain Rules



u-Substitution: Reversing the Power Chain Rule
n n-1
D[f(x)" ] = nf(x) DI[f(x)]

Dlie)’ 1 = 6 D[f(x]
N

Do '] = " D]

n+1
n+1

f(x) + C = gf(x)n D[f(x)] dx

n+1

Let u = f(x), du = D[f(x)] dx, and then substitute:



Example 1. u-Substitution: Reversing the Power Chain Rule

D[ (x*+ 1)’ ] = 3% + 1§ D[(x* + 1)]

D[(x2 + 1)3] = (x? + 1)2 2X
3

(x2+1)° + ¢ =\ (x2+ 1)%2x dx

3

Letu = (x2 + 1), du = 2x dx, and then the pattern above is:

n+1 n



Example 2. u-Substitution: Reversing the Power Chain Rule

Suppose we want to find

2 2
the following antiderivative: (x?+ 1)" x dx

Then we can use

the following pattern: N+ 1

Letu = (x2 + 1), du = 2x dx, and then try to match the pattern above:




Example 3. u-Substitution: Reversing the Power Chain Rule

il

Suppose we want to find
PP (x3 + 8)2 xZ dx

the following antiderivative:

Then we can use

the following pattern: n+1

Letu = (x3 + 8), du = 3x? dx, and then try to match the pattern above:

_1 1
1 (x3+ 8)23x2dx =1(x3 + 8)2 + C
’ 51
_l 1 2
T\ u?du=1u2 +cC
3 3 1
2



Example 4. u-Substitution: Reversing the Exponential Chain Rule

Suppose we want to find (x> + 8) 2
e X

the following antiderivative: dx

Then we can use u
the following pattern:

Letu = (x3 + 8), du = 3x? dx, and then try to match the pattern above:

3 3
LB ey 1 P8
3 3

Tl & du=1&' +C



Example 5. u-Substitution: Reversing the Natural Log Chain Rule

Suppose we want to find %2 dx

the following antiderivative: (x3 r 8)

Then we can use du _

the following pattern: 5 - Inu) + C

Letu = (x3 + 8), du = 3x? dx, and then try to match the pattern above:

2
T\ X 1 k3 8) + C
Y+ 3
TN W =T + ¢
3\ u 3



Example 6. u-Substitution: Reversing the Sine Chain Rule

Suppose we want to find

(3 2
the following antiderivative: sin(x” + 8) x* dx

Then we can use _
the following pattern: sin(u) du = —cos(u) + C
Letu = (x3 + 8), du = 3x? dx, and then try to match the pattern above:

1? sin(x3 + 8) 3 x? dx =—1?cos(x3 + 8) + C

1\ sin(u) du = —%cos(u) ¥ C

3



Example 7. u-Substitution: Reversing the Cosine Chain Rule

Suppose we want to find

3 2
the following antiderivative: cos(x” + 8) x“dx

Then we can use

the following pattern: cos(u) du =sin(u) + C

Letu = (x3 + 8), du = 3x? dx, and then try to match the pattern above:

T\ cos(x3 + 8) 3x%dx = % sin(x3 + 8) + C

3

1 cos(u)du=1§sin(u) +C

3



Some u-Substitution Antiderivative Rules

u" du =£+1+ C sin(u) du = —cos(u) + C
n+1
e du= et +C cos(u) du = sin(u) + C



